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Abstract

A box model for instantaneous release and subsequent one-dimensional spreading of isother-
mal dense gases on soping surfaces is presented. A numerical solution and an approximate
analytical solution of the model equations are compared to the experimental data obtained in a
sloping heavy-gas channel of the Institute of Fluid Dynamics at ETH-Zurich. The influence of the
rear wall of the containment from where the cloud is released is analysed. Different entrainment
assumptions, in particular the scaling of the entrainment parameters, are discussed. The numerical
values of the entrainment parameters are tuned by computer optimization in order to obtain best
agreement of the theoretical results with experimental data. © 2000 Elsevier Science B.V. All
rights reserved.
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1. Introduction

Dense-gas dispersion modelling is an important aspect of risk assessment of chemical
installations, used for the production, storage or transportation of hazardous liquids and
gases. Nowadays dense-gas dispersion over flat terrain can be predicted reasonably well.
However, flat terrain models cannot be used in real situations with buildings and slopes.
According to recent reviews (e.g. Britter [1]) the research on simple topographic effects
(e.g. straight sloping surfaces) is still of major interest, since a basic understanding of
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the fundamental physical phenomena, such as entrainment mechanisms or frontal
dynamics on slopes, is still lacking. The few operable computer codes based on
numerical models capable of dealing with complex topography or complex terrain are
still in the validation process (Hankin [2,3]).

While propagating on slopes, heavy-gas clouds do not only drift downhill but they
also change shape. In early models of instantaneously released dense gas clouds
proposed, e.g. by Kukkonen and Nikmo [4] the flat terrain integral approach is
generalized to include the effect of slope. In these models the Slumping is assumed to be
unaffected by the convection due to slope (and wind) and the motion of the centroid of
the cloud is given by a force balance formulated for the whole cloud. The model
presented by Milller and Fannelgp [5] also belongs to this category. Most of these
models require numerical computation to obtain a solution and this limits the extent to
which one can gain physical insight or a direct interpretation of the parameters involved.

The integral model of Webber et al. [6], where the results of a numerical shallow-layer
model are taken into account, for its part yields an analytic solution. Webber et al.
restricted themselves to the case of zero wind speed and they neglected mixing with
ambient air. They obtained an equation in the one-dimensional and the three-dimen-
sional case for the cloud’s terminal velocity down the slope where gravity balances the
resistance forces. Muller and Fannelgp [5] compared this equation for the one-dimen-
sional case to the data by Flacher and Muller [7], obtained in a straight sloping channel.
The good agreement demonstrates the correct qualitative dependence of the similarity
solution of Webber et al. [6] w.r.t. slope angle, released volume and buoyancy. Another
important result, already found by means of the shallow-layer model of Webber et al.
[6], is the late-time behaviour of the cloud, which gradually adopts the shape of a wedge
with horizontal upper surface. Tickle [8] set up a more sophisticated model where the
cloud dilution by air entrainment is incorporated. The corresponding entrainment
velocity is proportional to the downslope advection velocity. Tickle [8] determined the
values of the entrainment coefficient and of the frontal Froude number by fitting the
theoretical results relative to concentration and front arrival time to the data of Flacher
and Muller [7] and Schatzmann et a. [9]. In Tickle's model the ‘‘top’’ and ‘‘ wedge’’
entrainment terms are proportional for the assumed fixed wedge geometry, so that both
entrainment coefficients can be absorbed into a single entrainment coefficient. With his
model, Tickle obtains good agreement with experimental data when he assumes a
constant coefficient for the entrainment through the top surface. In the present model,
however, it appears that the agreement with experimental data can be improved when
the entrainment coefficient depends on the slope.

Further experimental data is required not only for validating the models describing
the heavy gas dispersion, but also for improving the basic understanding of the physical
phenomena. Still very little data exist in case of heavy gas dispersion on slopes. This
data would fill gaps of knowledge on which the mgjority of the internationa research
community agrees. Fannelgp et al., who have been active in the field of safety and
environmental flows at ETH-Zurich since 1983, have spent considerable efforts in the
investigation of dense-gas dispersion on slopes (Kunsch et al. [10]; Miller and Fannelgp
[5]). Attention was focused on heavy-gas dispersion in a cam environment since the
related research is well suited for laboratory experiments. The corresponding results are
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relevant in risk assessment of instalations where heavy gases are involved, because
under ‘‘no wind'’ conditions a cloud is slowly diluted and the dangerous concentrations
are longer preserved. Experimental data for dense-gas propagation on slopes have been
generated at ETH-Zurich in two different types of test facilities: Flacher and Muller [7]
released different isothermal heavy gases (Ar, SF;, CO,, etc.) on large sloping surfaces,
so that the released gas could also extend laterally across the slope. As mentioned
earlier, Flacher's data has been used by Tickle [8], for the numerical tuning of the
entrainment coefficient and the leading edge correlation coefficient. Flacher's experi-
mental observations moreover gave support to the basic assumption of the model that
the cloud moving downslope adopts the shape of a wedge, i.e. that the upper surface is
almost horizontal. This is also in agreement with the similarity solution, valid for late
times, of Webber et al. [6] or Tickle [8].

Two other test facilities, operated by Machacek and Muller [11], consist of straight
sloping channels, where the side walls prevent the lateral dispersion. The first channel of
4 m length, 0.6 m width and 0.76 m height can be tilted from 0° to 15°. Prior to release,
the heavy gas (Argon) is contained in an initiad volume of 0.6 m width and having a
shape corresponding to the sketch of Fig. 1. The rear wall consists of a plate of
styrofoam™, which can be moved for each experiment to vary the aspect ratio of the
cloud at release. The frontal wall consists of a gate, which can be opened manually. The
flow can be visualized by adding smoke to the heavy gas. Longer spreading distances
are possible in the second channel of 0.5 m width and 8 m length. This channel can be
operated with slopes of 0%, 10%, 20% and 30%. Accurate data for the frontal position
versus time, obtained by means of aspirated hot-wire probes, and data relative to the
time history of the frontal height obtained by visual estimates, is available for different
slope angles. This data is used to interpret and validate the model outlined here.

Heavy waste material discharged into coastal sea or snow avalanches (Beghin et al.
[12]) are examples of gravity driven flows on sloping ground related to dense-gas
dispersion. The classical dam-break problem (Stoker [13]) may be quoted as a related
phenomenon in hydraulics. A review of recent research on the dispersion of hazardous
materials, including the release and propagation of dense gas clouds on sloping surfaces
can be found in Britter [1], where he addressed not only the current state of knowledge
but also the major outstanding issues in the field.
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Fig. 1. Side view of the cloud in contact with the rear wall.
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2. Box-modél of a dense-gas cloud on a sloping surface

The configuration to be modelled in the present contribution is shown in Fig. 1. A
volume V, of dense gas with initial density p, at ambient temperature is released
instantaneously through a lock-gate located at the coordinate x =L, into a quiescent
ambient with density p, (The quantities at time t = 0 have the index 0). At x =0 the
cloud is contained by a wall (left-hand side). It is assumed that the top interface is flat.
This will be discussed in Section 4.

2.1. Cloud in contact with wall (variant A)

2.1.1. Equations and basic assumptions

The basic equations are formulated for the planar case (with unit width W= 1),
corresponding to a sloping channel flow. The detailed developments can be found in
Kunsch et al. [14].

Since isothermal gases are considered, the buoyancy is conserved

B=g'V=gyV, = const. (1)

V represents the volume of gas, g’ = g( p — p,)/p, corresponds to the reduced gravita-
tional acceleration and the index ( ), denotes the conditions at release at time t = 0.
The reference quantities

7 1\1/4
Leet = Vo, Ue = {9oLrer = ( Bgo) / and trer = Lrer/ Urer (2)

can be defined in order to formulate the model equations in non-dimensional form. The
non-dimensional geometric quantities are v=V/L%; h=H/L,4; | =L/L,y and the
non-dimensiona time is 7= t/t,.. We will further use the abbreviation I" = tan(6).
The frontal speed corresponds to the familiar gravity—current relation (Fannelgp
[15]), which reads in dimensional form U; = k\/g’_H. k is an empirical frontal factor to

be discussed in Section 4. The non-dimensional form of the frontal speed reads

h i

=k — =— 3
Ur v dr )

The volume of gas mixture is
v=Ilh— EI“I 2 (4)
2
The dilution of the initialy released gas volume is due to air entrainment, which is
scaled with the frontal area of the cloud
dv
P k hu, (5)

The choice of this entrainment assumption and the correlation of the model results with
experimental data will be discussed in Section 4.
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The model variant A is valid as long as the height of the rear part of the cloud has a
positive value, i.e.

h—II>0 (6)

2.1.2. Solution of the equations
The solution procedure of the system of Egs. (3)—(5) is outlined in Appendix A. It
results for the frontal height versus frontal position

h (h, T 1\ [
=T R I @)
lo lo, 2—k])\lg 2—k\ly
The volume is also given as a function of the frontal position
v (hy T \[I1\" I« 1)? .
—_— = _ J— + [ —
12 lo 2—-«)\I, 2(2—«) \ 1, (®)
The time corresponding to a position of the front Y =1/1, is given by
Y2 -1 ic y3/2 i) ( : ) 9
T 6 ( ) = n 1+8Y27K 1+ e ( )

where £ =T"/[(hy,/1,)2— k) —T']; and cg=(2/3)13?/K).

Here 7 is an explicit function of Y=1/l,. The value of | depending on r can be read
from Figs. 3, 4 or 6 below. The accuracy is of the order of 1% to 2% when three terms
of the summation are taken into account. The coefficients C,, are given in Appendix A.

2.1.3. Validity range of model variant A

The model isvalid as long as the rear part of the cloud is in contact with the wall, i.e.
as long as the inequality (6) is fulfilled. When h/I, given by Eq. (7) is substituted into
the inequality (6) we obtain the range of the front position for which the model variant
A is applicable, i.e:

| I I
1s—<(—) where(—) =Yy =
I0 I0 crit. |0 crit.

The corresponding critical time 7, can be obtained when Y, is substituted into Eq.
9).

(1-x)r 7/« ?

(2—k)hy/lg—T

(10

2.2. Cloud not in contact with the rear wall (variant B)

2.2.1. Equations and basic assumptions
The situation when the rear part of the cloud has lost contact with the wall is depicted
in Fig. 2. Now the rear edge (or “‘tail’’) of the cloud travels with velocity U, = dL,/dt
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Fig. 2. Side view of the cloud not in contact with the rear wall.

and the top surface is again assumed to be horizontal. The geometry of the cloud of
variant B is described now by the following non-dimensional equations:

frontal height: h=I"(1 — 1) (11)
1
volumeof gasmixture: v = EF(I —1,)? (12)

The model equations for the frontal dynamics and for the cloud dilution by front
entrainment correspond to Egs. (3) and (5) of model variant A.

2.2.2. Solution of the equations
Considering that u;=dl/dr and u, = dl,/dr, Egs. (11) and (12) both, are substi-
tuted into the differential Eq. (5) to obtain

u=Gu; whereG=1-« (13)
and it follows that
lt:G(l_lcrit.) (14)

as |, =0when | =1;.

With the help of Eq. (14) |, can be eliminated from both Egs. (11) and (12), which
are substituted into the frontal condition u;=dl/dr=kyh/v in order to obtain a
differential equation w.r.t. I.

The solution, which includes the initial condition given by Eq. (10), is straightfor-
ward:

12

3/2
7= Tt g AL+ (L )l [T 132 (15)
or
1([ 3 /3
l=;{[ﬁk'<(7_7crit.) +|§r/it2. _(l_K)Icrit.} (16)
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Fig. 3. Range of the cloud versus time for different slope angles 6 (results given in non-dimensional form)

(entrainment parameter: « = 0.25).

The height of the front can be deduced when Egs. (14) and (16) are substituted into Eq.
(11). I is given by Eq. (10) in Section 2.1. 7, = 7(l ;) follows from Eq. (9). The
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Fig. 4. Range of the cloud versus time for different slope angles 6 (results given in non-dimensional form)
(entrainment parameter depending on slope: k = ko /(14 8I'); ko= 0.45, § = 3).
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(A) (B)

Fig. 5. Real (A) and idealized (B) configuration for the approximate solution.

range of the cloud versus time for different slope angles is shown in non-dimensional
form in Fig. 3 for the constant entrainment parameter « = 0.25 and in Fig. 4 for the
entrainment parameter « which depends on the slope angle: « = k,/(1+ 6I") with
ko= 0.45 and 6 = 3. The choice of the parameters will be discussed in Section 4. The
critical point (I, 7, ) is indicated by the bold symbols in Fig. 3 and in Fig. 4. The
deviation of the approximate solution by series from the exact solution of variant A
increases with time until 7= ;,. For this reason the deviation is most relevant for small
slope angles with large ;. For times 7> 7, the analytic solution is exact, where the
initial condition 7, is given by the approximate solution of variant A, i.e. Eq. (9)

Terit. = T(Icrit.)'

3. Approximate solution

In the case where no rear wall is present at release, the solution for model variant B,
given by Eq. (15) or (16), is vaid dmost from the beginning, i.e. for times shortly after
the initial Slumping motion. If a rear wall is present at release, the model variant A is
applicable until the moment 7;, when the tail of the cloud loses contact with the rear
wall. We have found an approximate solution for large slope angles (exceeding about 5°)
so that the rather laborious evaluation of the summation in Eqg. (9) can be avoided. The
real cloud sketched in Fig. 5A to be treated here is idealized by a wedge-shaped cloud in
Fig. 5B which can actually be observed at later times. Taking equal initial volume and
equal initial buoyancy in both cases, the starting frontal position for the real case can be
related to that for the idealized case by the following formula

[2AR—T
|B(T=O)=|A(T=0) T (17)

with the aspect ratio at release AR = (h/1),_, = hy/I,.

The crude assumption made in the present approximate solution is that the initial lead
I(r=0) — |,(r=0) of the front of model variant B over the front of variant A is valid
for al times 7> 0: 1g(7) = I, () =13(r=0) = 1,(r=0), i.e.

lg =1+ [lg(7=0) = I,(7=0)] (18)
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This expression can be substituted into Eq. (16) to obtain the frontal position |, of
the real cloud corresponding to Fig. 5A and later to Fig. 5B:

[, =1 =0 ! > k 1¥2(r=0 ” I =0 19
A= Ia(r=0) + | ki 137 (r = )} ~ls(r=0) (19)
or explicitly w.r.t. 7:
V2 1 3/2
= [k (a = IA(r=0) +15(r=0)]V* ~1¥*(r=0) ) (20)

where |;(r= 0) is given by Eq. (17).

The approximate solution is compared to the exact solution in Fig. 6. The accuracy of
the approximation increases with increasing slope angle. The reason is that for large
slope angles the cloud is in contact with the rear wall for a short time interval after
release only. In this case the model variant A, which is neglected in the approximate
solution, is relevant only for the corresponding short duration 7,;, indicated by the bold
symbols in Fig. 6.

4. Discussion

An enclosure around a potential dense-gas spill can shield the surrounding regions,
such as dwellings close to a process plant, from possible hazardous emissions. Obstacles
like barriers or fences would prevent dense-gas clouds from spreading in a (possibly
sloping) street canyon. The situation in the laboratory can be imagined as a rather crude
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idealization of a rea scenario, where a fence is partialy and suddenly removed by
accident or inadvertence. In addition, it is assumed that the initial momentum, due to a
possibly high pressure rel ease from the containment, has been dissipated in the enclosure
prior to the removal of the fence. Due to the presence of the fixed side walls and the
fixed rear wall, the evacuation process of the starting element is partly prevented, so that
the total height of the cloud decreases more slowly than in the case when all the walls
are removed simultaneously. A larger height of the cloud, as compared to a release
without side walls, results in a higher frontal speed of the cloud. In particular for large
slope angles we have shown that the cloud is in contact with the rear wall for very short
time only, so that the exact release configuration must not be known for practical
applications. On the other hand, well defined geometrical characteristics and time
parameters have to be taken into account when a consistent comparison of the
theoretical results to the experimental data is required.

In the present model it is implicitly assumed that the top interface is flat. This is not
in agreement with the results of Webber et a. [6], who gave a numerical description of
the release of a wedge shaped cloud and the subsequent spreading without mixing. The
initial expansion wave, generated at the moment of release and reflected at the rear wall,
ends with a system of waves and the formation of a hydraulic jump, separating a ** tail”’
and a ‘*head’’ region. This jump collapses after the front has travelled a distance equal
to 10 times the initial cloud length, so that a smooth top surface is obtained. However,
when mixing is incorporated in the model, the inertia of the entrained air damps the
internal waves (see e.g. Kunsch [16]). In this case a smooth top surface can be observed
almost from the beginning on, which makes the assumption of aflat top surface redlistic.

The frontal Froude number can be more or less strongly influenced by different
factors, e.g. the air entrainment, the Reynolds number or the slope angle.

Air entrainment: In the simple gravity—current formula for the frontal speed it is
assumed that the flow is driven by the hydrostatic pressure difference across the frontal
region. It can be shown by simple physical arguments (see Fannel@gp [15] for a review)
that the frontal speed of isothermal dense gases spreading over a horizontal surface, is
independent of the dilution or air entrainment into the cloud.

Reynolds number: Even for equal slopes, the frontal Froude numbers can differ
considerably when different gases are considered. Here it is referred to Flacher's data
documenting downslope motion of dense gases (Argon and Freon) combined with lateral
spreading across the slope. According to Flacher and Miller [7] and Tickle [8], an
influence of the Reynolds number on the flow may be responsible for this discrepancy.
Since only data for releases of Argon in sloping channelsis available, a generalization of
the range of validity of the frontal Froude number to other gases is excluded at present.

Sope angle: In addition, given the limited experimental data available, a possible
slope—angle dependence of the frontal Froude number cannot clearly be identified.
Tickle came to the same conclusion in the context of his model, dealing with downslope
motion of dense gases including lateral spreading across the slope. Best agreement of the
theoretical frontal position with experimental data has been obtained by numerical
tuning of the frontal factor k. The value of the frontal factor equal to 1.2, which is
independent of the entrainment characteristics, is close to the value obtained by Billeter
and Fannelgp [18] for one-dimensional spreading in a horizontal channel.
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Initial acceleration: The experimental data relating to the frontal position versus time
reveal that the initial motion produced by the box model is too slow. By assuming that
the front velocity is a function of the potential energy available, an improved model
(Milller and Fannelgp [5]) could be obtained, where the effect of the vertical velocities
during the slumping motion is taken into account. As an alternative, Van Ulden’s model
[17] could be applied, where the initial acceleration is accounted for. The corresponding
analysis including a comparison with experimental data can be found in Billeter and
Fannelgp [18] in the context of horizontal channel flow. The present model could be
improved for early times by incorporating a (possibly slope dependent) time shift. Since
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such an additional parameter would be introduced at the expense of the simplicity of the
model, it will not be taken into consideration.

Two correlations based on different values for the entrainment parameters will be
considered. The corresponding frontal ranges are shown in Fig. 3 and in Fig. 4,
respectively. In both cases the values have been chosen to obtain a best fit of the model
results to the experimental data for the largest slope angle considered in the experiments,
i.e. 6=15° In the first case, the value of the entrainment parameter is constant:
k = 0.25. It can be shown by comparison of the theoretical results to the experimental
data (Fig. 3) that for small slope angles the theoretical frontal velocity is too sensitive to
small variations of the slope angle. The overprediction of the frontal range for small
slope angles, as observed in Fig. 3, can be reduced by increasing the resistance force or
the front entrainment parameter for small 6, i.e. k = k,/(1+ 8I") (see Fig. 4). It isfelt
that parameters in addition to k, and &, which would be introduced at the expense of
the simplicity of the model, would hardly bring an improvement to the accuracy of the
correlation.

The comparison of the theoretical frontal height with experimental data could yield
an additional argument in favour of the variant where the entrainment parameter
depends on the slope angle (Fig. 4). In particular, for small slope angles the rapid
increase of the frontal height observed in the experiments is better taken into account
when a slope angle dependence is considered. So, the theory with an entrainment
parameter depending on the slope yields a frontal height which is about 20% larger than
the height predicted by a theory with constant «, when angles smaller than 3° and the
(dimensionless) time 7= 50 are considered (Fig. 7). Only qualitative agreement of the
theoretical results with experimental data can be required for the frontal height, since the
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latter has been determined by visual observations subject to a greater inaccuracy than the
measurements of the frontal range. In addition, it is demonstrated in Fig. 8 that the initial
slumping motion could not be recorded, mostly due to its short duration.

There is still some discussion about the real physics governing the entrainment
process, i.e. whether dilution should be attributed to top entrainment or to front
entrainment. In the present box mode, it could be shown formally that the contribution
to the top entrainment has to be small for small 6 and that it must vanish for horizontal
spreading. The physical reason is that the top entrainment would violate the principle of
energy conservation for horizontal spreading in a cam environment due to the defined
amount of potential energy available and the unbounded rise of the centre of gravity of
the cloud. On the other hand, the centre of gravity can rise when the wind contributes to
the addition of turbulent kinetic energy mostly through the top surface of the cloud. In
the light of the latter observations the designations ‘* gravity powered entrainment’’ and
“*wind powered entrainment’’ would be more appropriate than front entrainment and top
entrainment, respectively, in agreement with former discussions of Webber and Wheat-
ley [19]. Since the experimental data used for the set up of the present correlations were
obtained in a calm laboratory environment, the entrainment assumption based on the
scaling with the frontal area will be the most appropriate.

5. Conclusions

The experimental observation and the theoretical result from previous numerical
analyses that the top surface of heavy gas clouds on sloping surfaces remains horizontal
represents a useful element of the present box model.

The simple model presented here does not alow detailed modelling of &l the
physical phenomena contributing to the dilution of the cloud. However, it does recognise
that there are two phases of slumping and dilution — an initial slumping phase with a
changing aspect ratio and a later downhill travel phase — and treats them both. These
phases were recognised in the work of Webber et al. [6] but they treated only the second.
The existence of the first phase, and the associated dilution, means that both phases
should really be considered if one is going to fit data.

The second phase is characterised by a self-similar shape (in our approximation) in
which the top and front areas scale in proportion. The distinction between separate
““top’” and ‘‘edge’’ entrainment mechanisms encountered in models of dispersion on flat
terrain is therefore confined to the first phase. However, in the windless conditions
studied here energy conservation considerations limit the process to edge entrainment
(gravity powered entrainment scaling with the frontal area) even in the first phase. For
this reason, a single entrainment parameter is used here. It is allowed to vary with slope
and is used to correlate the model results with experimental data.

The experimental information on cloud concentration is unsatisfactory due to the lack
of accuracy in the determination of the frontal height. This represents a major shortcom-
ing of the present model, since the gas concentration, rather than the front arrival time, is
of key interest for tuning adequately the entrainment coefficient.
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We used avalue for the k factor in the gravity-intrusion formula which is close to the
value found by Billeter and Fannel@p [18] for horizontal spreading of isothermal gases.
The generalization of this value to spreading scenarios with slope angles, for lack of
better and above al simple information, is questionable.

The influence of the cloud geometry at release, differing from the shape of a wedge
and including a fixed wall opposite to the spreading direction downhill, has been
analysed. The influence of the rear wall is less important for large slope angles than for
small slope angles because the time interval when the cloud is in contact with the rear
wall is shorter.

The analytic solution, obtained at the expense of the detailed modelling of the
different physical phenomena, represents a useful tool for the safety engineer, because it
allows rapid estimates of the frontal range of isothermal clouds on sloping surfaces. An
approximate, but simple solution has proven to be rather accurate for slope angles
exceeding 5°.

Nomenclature

AR aspect ratio at release, AR = h,/I,

buoyancy of the cloud, B=g'V

gravitational acceleration

reduced gravitational acceleration, g’ =g(p — p,)/pa
dimensionless height of the cloud at the front, h=H /L

h at release

height of the cloud at the front

empirical frontal factor, front Froude number, cf. Eq. (3)
dimensionless distance of the front from the rear wall, | =L /L
| at release

dimensionless L,

distance of the front of the cloud from the rear wall

L at release

of reference length, L =V,

. distance of the rear side (tail) of the cloud from the rear wall
time

reference time, t, 4 = Lo/ U,

U; dimensionless frontal velocity

U, frontal velocity of the cloud

U velocity of the tail of the cloud

Uet reference speed, U, = /o L,

v dimensionless volume of the cloud

v v at release

\Y Volume of the cloud

Vo Volume of the cloud at release
X
Y

us]

T T XIS TQa@

~
o

distance from the rear wall
Y=1/1,
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Greek letters
I'=tan(9)
parameter related to ope angle, cf. Eq. (9)

slope angle of the surface on which the cloud spreads
parameter for the entrainment scaled with the frontal area
density of the cloud

density of the cloud at release

Pa ambient density
dimensionlesstime 7=t /t

DT A DO N

<

ref

Appendix A. Solution of the equations of model variant A

7 is eliminated from Egs. (3) and (5) to obtain:

dv

ar =kh (A1)
Eq. (4) is derived w.r.t. I:

dv dh

5 g T (A2)

dv/dl is eliminated from Egs. (A1) and (A2) in order to obtain a differential equation
for h where | is the independent variable. With the initial conditions for the length
[(r=0) =1, and the height h(r= 0) = h,, the solution of the differential equation is
given by

h (h, T I\ [
e = 1 (A2

Eqg. (A3) can be substituted into Eq. (4) to obtain the dimensionless volume

v h r I\" Tk
Ez(ﬁ_ﬂ)(ﬁ) T2z

When Egs. (A3) and (A4) are substituted into Eqg. (3) we obtain:

| ) (A4)

lo

vz k 21
YY2dY = —dr=— —dr (A5)

K ) eY? «
13/2 3¢

1+(——1 PR
2 1+eY "

where £ =T"/[(hy,/1,)2— k) —T'] and c;=(2/3)1¥2/k).
The new dependent variable is Y=1/I1,.
The solution of the differential Eqg. (A5), which can be found in Appendix B, reads

sY2=< \"| 1
)}=—7+C’ (AB)

n_1 1+eY2 " Co

f(Y) =Y3/2[1+ Y,
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¢ can be evaluated with the help of the initial condition Y(7=0) = 1. Eq. (A6) then

becomes:
o sY2 K n s \"
=Cs{(Y3/2_1) +n§1Cn[Ys/z W) _(1+8) H (A7a)
where
a N
SR e
with

k J\2 k! 2
and
3
*T202-«)
The coefficients C,, can be evaluated by a recursive procedure:
L= nia[(n—l)cnl+awn] (A7b)

The accuracy is of the order of 1% to 2% when three terms of the summation are taken
into account. The first coefficients are as follows:

1 K 1
1 1 1

C,= —(cl— —acg); 5= m(zcz— Eacg)

Appendix B. Solution of Eq. (A5) relative to model variant A

When x¥ = gY2 « (with a = 3/2(2 — k)) is substituted into Eq. (A5) we obtain

o

K X1/« vz e
1+(E—1)Wl dX=C—6dT (Bl)

Since |zl =1((k/2) — Dx¥* /(1 + x*/ )| is always smaller than unity, a Taylor seriesis
developed w.rt. z i.e

[1+ ) w,
n

=1

1/«

X " e” K n
W) }dX=C—dT Wherewn=(1é2)(5—l) (BZ)
6
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or

l/a e®
—| dx=—7+¢ (B3)
1+ XM ) Ce

X+Z f

When the integral in Eq. (B3) is evaluated by parts we obtain

f X1/« )Mk(k n+i

1+ xt/«
Further algebraic rearrangements of Egs. (B3) and (B4) lead to

ﬂ) axZ (B4)

1+ x¥/«

i—on+a+i

o Xl/a n P
x{1+ ). C, —W) =—7+C
=1 1+X Cs
or
n
o EYZ_K 1
Y¥211+ 3 C, ﬁ) =—7+C
n—1 1+eY Co
where
noog
=Fk21 (E(i—i—a
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